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Abstract. We compute Betti numbers of the moduli spaces of arbitrary rank 
stable sheaves on ruled surfaces. Our result generalizes the formula of Gottsche 
for rank one sheaves and the formula of Yoshioka for rank two sheaves. It 
also confirms the conjecture of Manschot for arbitrary rank sheaves on the 
Hirzebruch surfaces. 



1. Introduction 

Invariants of the moduli spaces of semistable sheaves on surfaces have been in- 
tensively studied in the last several decades. One of the motivations for their study 
is the Kobayashi-Hitchin correspondence |TS] between the above moduli spaces 
and the moduli spaces of (unframed) instantons on 4-manifolds. The latter moduli 
spaces were interpreted by Vafa and Witten (35] in terms of the = 4 topologically 
twisted supersymmetric Yang-Mills theory on 4-manifolds. The S'-duality conjec- 
ture of Vafa and Witten predicts the modular behaviour of the partition function 
of the above theory. To test this conjecture it is essential to be able to compute 
the partition function, that is, the generating function of invariants of the moduli 
spaces of semistable sheaves on a surface. A more recent motivation is related to 
BPS invariants (or Donaldson-Thomas invariants) of 3-Calabi-Yau manifolds. The 
canonical bundle of a surface is a non-compact 3-Calabi-Yau manifold. In this way 
one can interpret invariants of the moduli spaces of semistable sheaves on a surface 
in terms of BPS invariants of the canonical bundle. 

Betti numbers of the moduli spaces of rank one sheaves on a surface were com- 
puted by Gottsche [S] . More precisely, he computed invariants of the Hilbert scheme 
of points on a surface parameterizing finite subschemes. Any rank one torsion free 
sheaf with the trivial first Chern class can be uniquely represented as an ideal of a 
finite subscheme. In this way one can identiiy the moduli spaces of rank one torsion 
free sheaves with Hilbert schemes. 

Betti numbers of the moduli spaces of rank two sheaves on and on ruled 
surfaces were computed by Yoshioka [24l [25]. There are three main ingredients 
in his approach. First, one computes invariants of the moduli space of semistable 
torsion free sheaves on a ruled surface with respect to the nef divisor / corresponding 
to a fiber of the ruled surface. Then one uses wall-crossing formulas to determine 
invariants of the moduli spaces for arbitrary polarizations of the surface. Finally, to 
find the invariants of the moduli spaces of rank two semistable sheaves on P^, one 
uses the blow-up formula that relates invariants of the moduli spaces of semistable 
sheaves on a surface and on its blow-up. The blow-up of P^ at one point is the 
Hirzebruch surface Ei, where the Hirzebruch surface E„, for n > 0, is the ruled 
surface P(0pi(n) © Opi) over P^. One can use information about the invariants of 
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the moduli spaces of semistable sheaves on Si to determine invariants of the moduh 
spaces on P^. 

Euler numbers of the moduH spaces of rank three semistable sheaves on were 
computed by Weist and Kool [23l [M] using tori actions. Betti numbers of these 
moduli spaces were computed by Manschot [17] in the case where the first Chern 
class of semistable sheaves is not divisible by 3. He used the approach of Yoshioka 
to reduce the problem to a computation on the Hirzebruch surface Si together 
with an observation that there are no /-semistable rank 3 sheaves on Si with the 
required first Chern class. These results together with the blow-up formula were 
used in [16 to determine invariants of the moduli spaces of rank 3 sheaves on 
and El for arbitrary first Chern classes. Manschot also formulated a conjecture 
[l6l Conj. 4.1] about the invariants of arbitrary rank /-semistable sheaves on the 
Hirzebruch surfaces. 

In this paper we will study invariants of the moduli spaces of arbitrary rank 
semistable sheaves on a ruled surface. Let S* be a surface and _ff be a nef divisor on 
S. Given a class 7 = {r, 01,02) G H*{S,'Z), let Adnij) denote the moduli stack of 
slope _ff-semistable torsion free sheaves E having rank r and Chern classes (ci,C2). 
Let A^^(7) denote its substack of locally free sheaves. Its virtual dimension is 

where A(7) — A{E) = -^(02 + ^^c\) is the discriminant of the sheaf E, invariant 
under tensoring with line bundles. We will study the generating function 

7=(r,Ci,C2) 

and its analogue Z^(r, ci) for locally free sheaves, where /^(— ) is some motivic 
measure [13]. Let S" — >■ C be a ruled surface over a curve of genus g and let / be 
a fiber. A sheaf E over S is slope /-semistable if and only if a generic fiber of E 
along S* C is semistable, that is, it is a direct sum of line bundles having the 
same degree. The main result of the paper is the following theorem 

Theorem 1.1. Let r £ Z>o and ci G Z). Let /x be either the Poincare 

polynomial measure (for S defined over C) or the point counting measure (for S 
defined over a finite field). //r//-ci then A4f{r, 01,02) is empty for any 02 E 'Z,. 
Otherwise 

r-1 

Z/(r,ci) = M(Bunar) [] 11 ^c(9'''+'i'), 

k>l i=-r 

Z}{r, ci) - /i(Bunc,,) [] [] Jciq-'^-Hf^) ' 

where q ~ ^(A^), Zc{t) is the motivic zeta function of C associated to ), and 
Bunc^r is the stack of rank r and degree zero vector bundles over C. The motivic 
measure of Bunc^^ is 

/Lf(JacC) ^ ^ 

q 



MBunc,r) = «^n^^('?')- 



This theorem generalizes the result of Gottsche [8] for rank one sheaves and 
the result of Yoshioka [25] for rank two sheaves. It also confirms the conjecture of 
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Manschot 16 for the Hirzebruch surfaces. Using this theorem, one can, in principle, 
apply wall-crossing formulas to compute invariants for the semistable sheaves with 
respect to any polarization. In particular, one can do this for the Hirzebruch surface 
Si and then apply the blow-up formula to compute invariants for P^. As already 
the computations for the ranks two and three show [25l [16] , the final result is rather 
complicated and cumbersome. 

Let me now explain the strategy of the proof of Theorem 11.11 First, one can 
reduce the computation for torsion free sheaves to the computation for vector bun- 
dles. Similarly to the rank two approach by Yoshioka j25], we will use elementary 
transformations of vector bundles along fibers to relate invariants of moduli spaces 
of semistable bundles having different first Chern classes. It turns out that these 
relations can be written in terms of the Hall algebra of P^. More precisely, we 
will construct a function on the Hall algebra which is uniquely determined by the 
relations we will impose on it and is such that its integral equals the generating 
function of the invariants of the moduli spaces we are looking for. The Hall algebra 
of is an extremely well studied object. Its incarnations are the Hall algebra of 
the Kronecker quiver and, more importantly, the quantum affine algebra Uq{sl2). 
Nevertheless, the following result seems to be new. It is crucial for the proof of 
Theorem ll.il 

Theorem 1.2. Let T-L he the Hall algebra of the category of vector bundles over P^ 
and let Hrfl <Z'H be generated by the isomorphism classes of vector bundles having 
rank r and degree 0. Then there exists a unique Z,[q\-linear function ip : Tirfl ^ 
Z[q]|u,t] such that ip(Opi) = 1 and such that, for any vector bundles E,F on P^ 
with all summands of E having negative degree, we have 

This function satisfies 

rk E=r 
dcg£;=0 

The paper is organized as follows. In Section [5] we collect preliminary results 
on ruled surfaces, Hirzebruch-Riemann-Roch theorem, semistable sheaves, motivic 
measures, relation between the generating functions for torsion free and locally free 
sheaves over surfaces, and finally, description of the Hall algebra of the category of 
vector bundles over P^ . In Section |3] we introduce parabolic bundles over surfaces 
and their elementary transformations. Then we prove a local version of Theorem 
11.11 by reducing it to a computation on the Hall algebra of P^ . This computation 
is postponed until Section [6] In Section |4] we show the existence of a canonical 
filtration of torsion free sheaves on a ruled surface. Then we prove basic structure 
results about the building blocks of the canonical filtration: slope /-semistable 
sheaves. In Section [S] we prove Theorem 11.11 In Section [5] we prove Theorem 
11.21 In Section [7] we collect the wall-crossing formula and the blow-up formula for 
the generating functions of invariants of moduli spaces of semistable sheaves over 
surfaces. We indicate how these formulas can be used to compute the generating 
functions for P^. 

I would like to thank Thomas Nevins and Olivier Schiffmann for useful discus- 
sions. I would like to thank Kota Yoshioka for the help with his paper [26] . 
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2. Preliminaries 

2.1. Ruled surfaces. Let C be a smooth projective curve of genus g and let L be 
a line bundle over C of degree e > 0. Define a ruled surface 

S^V{L®Oc) 

(we use the old-fashioned notation for projective bundles O B.5.5]). Let p : S ^ C 
be the projection map, L C S' be the canonical embedding, Co = S\L be the divisor 
at infinity and f <Z S he the divisor of a fiber. Then the Neron-Severi group of S is 

NS{S) = H^{S, Z) = ZCo ® Zf. 

We have [H V.2.3-2.9] 

(1) /' = 0, Co/ = l, C^ = -e. 

li L' C L® Oc is an embedding of vector bundles and C" C S* is the corresponding 
divisor (note that degL' < e), then V.2.9] 

deg L' = -Co ■ C", C'^Co + {e- deg L')f. 

This implies that any effective divisor in S is of the form mCo + nf for m, n > 0. 
Note that (Co + e/)/ = 1, (Co + e/)Co = 0. Therefore the positive cone 

C{S) = {H e NS(S') I HCq >0,Hf> 0} 

is generated by Co + e/ and /. For any m,n € M>o, we define 

(2) H,n,n=m{Co + ef)+nf eC{S). 
The canonical divisor of S is [10, V.2.11] 

(3) Ks - -2Co + (2.9 - 2 - e)/. 
In particular, Kg = 8(1 — .9). 

2.2. Hirzebruch-Riemann-Roch theorem. Let S* be a surface. We will say 
that a coherent sheaf E on S has class 7 = (r, 01,02) if rk_E = r, ci{E) — ci, and 
C2{E) — C2. The second Chern character of E is equal to ch2 = ^cf — C2. The Todd 
class of the tangent sheaf of 5 is given by [10, §A.4] 

td{S) = {l,-^Ks,x{Os)), 

where Ks is the canonical divisor of S. The Euler characteristic of the sheaf E 
equals, by the Hirzebruch-Riemann-Roch theorem, to 

(4) xiE)= I chEtA[S)=c\i2-]-Ks-ci+Tx{Os). 

<J s 

If F is another coherent sheaf having class 7' — (r',c']^,C2) and the second Chern 
character ch2 — ^cf — c'2 then 

(5) x{E,F) = (rch^+r'ch2-cic'i) - ^Ksird^ - r' ci) + rr' x{Os) x(7,7')- 
In particular, 

(6) x{E,E)^2rdi2-cl + r\{Os) 
and 

(7) {E, F) = x{E, F) ~ x{F, E) = Ks{r'c^ - rc\) (7,7') • 
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Define the discriminant 

(8) A(7) = A{E) = -[c2 + —-c^ , - 

r \ 2r J 2r^ r 

It is additive under tensoring with a vector bundle and invariant under tensoring 
with a hue bundle (see [121 §3.4]). We obtain from © and ([5]) that 

(9) xiE,E)^~2r^A{E)+r\iOs). 

Remark 2.1. Let p : S C be a ruled surface over a curve of genus g. Then 
xiOs) = x{Rp*Os) = x{Oc) = 1-5- 

2.3. Semistable sheaves. In this section we will define the notions of Gieseker and 
slope semistability with respect to nef divisors. It should be noted that one usually 
defines semistability only with respect to ample divisors |12] . but it is important 
for our future considerations to include also the case of nef divisors. 

Let S* be a projective surface and let H he a, nef divisor on S. A nef divisor H is 
characterized by the property that if is a coherent sheaf on S having dimension 
one then H ■ ci{E) > 0. Given a coherent sheaf E on S, define its i?-slope by 

H.c,{E) 

^"^^^ - -^heT 

and define its reduced Hilbert i?-polynomial by 

xjEjnH)) 
P"^""'^^- A(g) ■ 

Remark 2.2. By the Hirzebruch-Riemann-Roch Theorem we have 

x{E{nH)) = ^n^H\ + nH{c^ - ^i^s) + x{E), 
where r = rk(£'), ci = ci{E). Therefore, for r > 0, we have 

PH{E,n) = \n^H-+n^,„iE)-'''''^ ' ^^^^ 

We say that a torsion free sheaf E is slope i7-semistable if for any proper nonzero 
torsion free subsheaf F C E we have 

m{F) < m{E). 

We say that a torsion free sheaf E is Gieseker iJ-semistable if for any proper nonzero 
torsion free subsheaf F C E we have 

PH{F,n) <pH{E,n), n > 0. 

According to the previous remark the last condition is equivalent to 

(1) either ^^(F) < hh{E) 

(2) or ^,H{F) = i,H{E) and ^ < 

In particular, Gieseker semistability implies slope semistability. Both slope semista- 
bility and Gieseker semistability can be interpreted in terms of Bridgeland sta- 
bility conditions on the exact category of torsion free sheaves: for the slope H- 
semistability we consider the stability function 

Z{E) = -iJ . ci {E) + i rk(£;) 
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and for the Gieseker iJ-semistability we consider the stabihty function 

Z{E) = ~{H ■ ci{E) + ex{E)) + iik{E) 

for < e ^ 1. One can prove the existence and uniqueness of the Harder- 
Narasimhan filtrations for the slope and Gieseker stabihty conditions with respect 
to nef divisors in the same way as with respect to ample divisors |12j . 

The following simple result is the reason for the wall-crossing formulas on the 
surface. 

Lemma 2.3. Let H be a nef divisor such that H ■ Ks < 0. LetE,F be two slope (or 
Gieseker) H-semistable sheaves such that ^h{E) < ^h{F). Then Ext^(£',_F) = 0. 

Proof. By the Serre duality Ext^(£', F) ~ Hom(i^, E ® ws)*. But ^iniE ® us) < 
Hh{E) < fiH{F). Therefore Hom(F, ® ws) = 0. □ 

2.4. Motivic measures. Let k be a field and Schk be the category of schemes of 
finite type over k. Following |13) . we define a measure on Schk with values in 
a commutative ring i? to be a function which associates with every X G Schk an 
element pi{X) G R such that: 

(1) If [/ C X is open then fj.{X) = ^{U) + ti{X\U). 

(2) ^iix X r) ~ ^iix)^liY). 

We will also assume that i? is a A-ring [Tj [TTJ [15] and for any quasi-projective 
scheme X e Sch^ we have 

fl{Sym''X)=ak{^i{X)). 
Remark 2.4. For k = C and R = Q[q^, define 

ti{X) = ^(-l)V/'dimGrri/,^(X,C), 

k,i 

where W is the weight filtration on {X, C) . If X is smooth and projective then 
fi{X) = dimi/'''(X, C) is the Poincare polynomial of X . 

Remark 2.5. For k = and R = Z, define fJ,{X) — \X{¥q)\. This function 
satisfies the first two axioms of the motivic measure. For the last axiom we have to 
work with the ring of counting sequences [19] instead of the ring Z. 

We define the zeta function of X e Scht as 

(10) 

fc>0 

The ring R = Rftj has a natural A-ring structure: 

n 

(11) anirt'') = a„(r)i'=", a„(/ + g) ^k{fW-k{g)- 

We define the plethystic exponential Exp : R+ — > 1 + R+, where R+ — tR, by the 
formula 

(12) Exp(/) = ^afc(/). 

fc>0 
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In particular, Zx{t) — Exp(/i(X)t). The map Exp has the nwerse Log : 1 + i?+ ^■ 
R+ (see [7]). We define a plethystic power map on R by the formula (see [20] for 
its basic properties) 

(13) /9-Exp(.gLog(/)). 

If C is a curve of genus g then Zc{t) can be written in the form (see [13] ) 

^''^ ^^^^^ - (T^wb) ' 

where Pc{t) is a polynomial of degree 2g and q = /i(A^). Moreover, 

(15) Zc{t) = (gi2)9-iZc(lM). 

The value -Pc(l) is equal to yLt(JacC). Let Bunc^r,^ denote the moduli stack of 
vector bundles over C having rank r and degree d. Let Bunc^,, = Bunc^r^o- The 
motive of Bunc^^.d is independent of d and equals (see [21 §6]) 

(16) MBunc,.) = MJ^^(„^-i)(,-i) -Q z^^^-.y 
Applying equation (115^ . we obtain 

(17) MBunc,.) = ^^^^n^^('?')- 

2.5. Torsion free and locally free sheaves. Let M be a set of isomorphism 
classes of sheaves on a surface S having rank r and first Chern class ci. Define 

(IS) 

Then 

(20) Z^it) = <z^'>^(°-)i-^ZM(g-^i). 

Remark 2.6. Then reason for using c\\2{E) in (1181) is that ch2 is additive with 
respect to exact sequences. This (as well as the factor q2x(^>^) j will he important in 
the formulation of the wall-crossing formula (see Prop. |7. The reason for using 
rA(i?) in (|19p is that rA(i?) is invariant under tensoring with line bundles. This 
will he important in the proof of Corollary \5.2[ 



Given a rank r locally free sheaf E over 5 and n > 0, let Quot"(i?) denote the 
scheme of finite quotients of E having length n. Yoshioka [24l Theorem 0.4] proved 
that 

r 

(21) M(Quot"(ii;))r = n n Zsig'^-'t') =: Hr{t). 

n>0 fc>li=l 

Assume that the family M consists of locally free sheaves and let M' be the set 
of isomorphism classes of torsion free sheaves F such that G M. 
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Lemma 2.7. We have 

Proof. Let F e M' and £; = F^^, n = l{E/F). Then 

ch2(F) =ch2(F) + n. 

Any automorphism of F induces an automorphism of E. Conversely, AutF acts 
on the embeddings F ^ E. The stabihzer corresponds to AutF and the orbit 
corresponds to different subobjects of E isomorphic to F. Therefore 

1 _ ii{{U <ZE\ Uo±F}) 
/x(AutF) ~ //(AutF) 

This implies 

. ^-ch2(F) 1 j.-ch2{E) 

\^ 1 _=v = V V = ff m V ^ — 

^ M(AutF) ^^(AutE)^ ^ '^ '^^^(AutE)^ 

1{E/U)=n 

□ 

2.6. Hall algebra of P^. Given an exact Fg-linear category A with finite Horn 
and Ext^ groups, we define its Hall algebra HiA) as follows. Its basis is the set of 
isomorphism classes of the objects in A. Multiplication is given by 

(22) [M]o[N]=Y,9MN[n 

[X] 

where 

(23) gl^ = \{U ^X\X/U c^M.U c^N}\. 

It is known, that this product is associative. 

Let us describe the Hall algebra Ti. of the category of vector bundles on in 
more detail. Let S = P(Z) denote the set of maps a : Z — >■ N with finite support 

suppa = {fc G Z I Ofc 7^ 0}. 

The basis of % is given by the elements [O"], where 

(24) O" = 0O(fc)®"^ 

feez 

Define addition and multiplication in & by 

(a + /3)fc = afe +^fc, (a/3)fc = ^a,/3fe_i. 

i 

For any a G 6, define q* G 6 by = Q-fe- Given n G Z, define [n\ G © by 
[n]k = Snk- Then the product a[n] G S satisfies 

a[n\k ak-n- 

It is clear that 

0"+^, 0"®0^ O"^, {O")* ~ O"', O"!"! = 0{n). 
For any a G 6, define 

mine = min{fc G Z | afe 7^ 0}, maxa = maxjA; G Z | afe ^ 0}. 
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The product in % is described by the foUowing relations [U Theorem 10]: 

[O"] o [O^] = [0°'+% if maxa < min^, 

where [fcj^ = riiLiM? ^^"^ = ^c^T' Fiii^Hyj ^.ny in < n, 
(25) [0{n)] o [0(m)] ^ [0(m) © 

[^] 



3. Elementary transformations and the local formula 

3.1. Elementary transformations. Let 5 be a surface, X C S* be a curve and 
/ C Os be an ideal of X in 5. A parabolic bundle over (5*, X) is a triple {E, M, g), 
where £^ is a vector bundle over 5, M is a vector bundle over X and g : E ^ M is 
a surjection. We will usually denote a parabolic bundle just as i? M. We define 
its elementary transformation to be a new parabolic bundle E' — > M' with 

E' = keriE M), M' = ker{E\x M) 

and with the canonical surjection E' — A/'. See [TH §5.2] for the proof that E' is 
locally free. An automorphism of the parabolic bundle g : E ^ M \s a, pair (/i, /2) 
of automorphisms /i G Aut i?, /2 £ Aut M such that g/i — f2g. The groups of 
automorphisms oi E ^ M and of E' — >■ M' are isomorphic. 

Lemma 3.1. Let E" M" be the elementary transformation of E' — > M'. Then 

E" ^I® E, M" ^I®M. 



Proof. Tensoring exact sequences 

^ / ^ Os ^ Oa- ^ 0, 
with each other, we obtain 





E' ^ E ^ M 



^ I (g) E' ^ I (g) E ^ I ® M 









E' 



E 



M 







>■ M" >■ E'\ 



X 



E\ 



X 



M 





Applying the snake lemma to the middle columns, we obtain AI" ~ / (g) M. Next, 
E" = keiiE' M') ~ keT{E E\x) ~I®E. 

□ 
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3.2. Negative sheaves. Assume that X ~ and X ■ X = 0. Our main example 
is a ruled surface p : S ^ C with a fiber X — Sx — p^^ix) over some point a; G C. 
We have deg/|x = —X ■ X = and therefore I\x — Ox- This implies that in the 
above lemma we have actually 

(26) M" ^I®M ~M. 

Let Cohx "S* denote the category of coherent sheaves over S having support in 
X . For any such sheaf F we define r{F) > and d{F) G Z by the formulas 

(27) ciiF)=riF)X, d{F) = x{F) ^ riF). 

Remark 3.2. If F is a sheaf over X then r{F) is the rank of F over X and d{F) 
is the degree of F over X . 

Remark 3.3. Given F G Cohj^f S with r{F) = n, we have 

xiF) = ch2(F) - ^Ks ■ c,iF) + rkiFfxiOs) = -C2{F) - ]^Ks ■ nX. 

By [ini II.8.20], we have lux ^ ujs (E) I"^ (E) Ox ^ ujs\x- Therefore Ks ■ X = -2. 
This implies x{F) — ^C2{F) + n and d{F) = —C2{F). 

We will study semistable sheaves in the category Cohx S with respect to the 
stability function 

Z{F) = -d{F)+ir{F) 

and the corresponding slope function /i(-F) — There are obvious semistable 

sheaves in Cohx S coming from the semistable sheaves on X ~ . 

Proposition 3.4. Any sheaf F G Coh^ S has a filtration C Fq C Fi C . . . F^ = 

F such that Fq has dimension zero and the quotients Fi/Fi^i are line bundles over 
X with non-increasing degrees. 

Proof. We can always find a filtration such that the quotients are sheaves over X 
and, moreover, are indecomposable (that is, are line bundles or skyscrapers). Our 
goal is to show that we can reorganize our filtration in such way that all skyscrapers 
are pushed to the left and the line bundles have non-increasing degrees. To do this 
we will show that given an extension 

over S with L a line bundle over X and Q a dimension zero sheaf over X , the sheaf 
F is defined over X, and given an extension 

Q^L^F'^L'^Q 

over S with L,L' line bundles over X and degL < degL', the sheaf F' is again 
defined over X. Then we can exchange a filtration with quotients {L, Q) (resp. 
{L,L')) by an appropriate filtration of F (resp. F'). To prove the first statement, 
we can assume that L = Ox- Applying the functor TlomsiQ, —) to the exact 
sequence 

(28) O^/^Os^Ox^O 
we obtain a long exact sequence 

Exe{Q,Os) ^ Exe{Q,Ox) ^ Ext'(Q,/) A Ext'(Q,Os). 
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Note that Ext^(Q, Os) ^ Ext^(Os, W5 «) Q)* = 0. Therefore (we use ujx ■^ujs® 
Ox [ini II.8.20]) 

Exti(g, Ox) ^ Ext2(Q,/) ~ Hom(C'5,a;5 ® J'' «) Q)* 

~Hom(Ox,wx®Q)* ^Ext^(Q,Ox), 

that is, all extensions are defined over X. To prove the second statement, we can 
assume that L' — Ox and degL < 0. Applying the functor Hom5(— ,i) to the 
exact sequence (I28|) . we obtain a long exact sequence 

Hom(/,i) ^ Ext^(Ox,i) ^ Ext^(Os,i) Ext^(/,L). 

Note thatHom(/,i) ~ Hom(Os, i) ~Hom(05,L) = (recall that /(g) Ox ^ 
Ox). Therefore 

Exti(Ox,i) =i Ext^ (Os,i) ~ H\X,L) ~ Ext^(Ox,L), 

that is, all extensions are defined over X. □ 

Corollary 3.5. A semistable object in Cohx S either has dimension zero, or has 
a filtration such that the quotients are line bundles over X having the same degree. 

Using the Harder-Narasimhan filtrations we can show that there exists a torsion 
pair (7", T) — {A-° , A^^) on the category A = Cohx S, such that A-° is generated 
by semistable objects having non-negative slope and A-° is generated by semistable 
objects having negative slope. Note that is closed under taking subobjects. 
A sheaf from A^'^ will be called negative. Thus, a sheaf in Cohx S is negative if 
and only if it has a filtration such that all its quotients are line bundles over X 
having negative degrees. In particular, a sheaf over X is negative if and only if it 
is a vector bundle and all its summands have negative degrees. 

3.3. Local formula. As in the previous section, let X C 5 be a curve such that 
X ~ and X^ — 0. Let be a rank r locally free sheaf over S such that 
F\x — Opi. For any n > and C2 G Z, define Ap^x{n,C2) to be the set of locally 
free sheaves (we can consider them as subsheaves E'^ C F"^) such that 

(1) E/F e Cohx 5* is negative. 

(2) ci{E/F) = nX, C2{E/F) = C2 (that is, r{E / F) = n, d{E/F) = -ca). 

Remark 3.6. Our moduli problem should be compared to the one studied by Kapra- 
nov jT3i . He considered a curve X C S with X^ < 0, an SL{n)-bundle F over S\X , 
and the moduli space of Sh{n) -bundles E over S extending F. 

Remark 3.7. Generally, we have degi?|x — X ■ Ci{E). Therefore X ■ ci{F) — 
deg Opi — and 

AcgE\x = X ■ci{E)^X- ci{E/F) = 0. 

Remark 3.8. If E\x — Opi then E = F. Indeed, if E/F ^ then there exists a 
negative line bundle L over X with a surjection E/F L. But this implies that 
there exists a surjection Opi ~ E\x — {E/F)\x — L, which is impossible. 

1 TT TT 1 - q''''~"ut'' 

lAutFl -1-1 -1-1 T~if^^+Hd^' 
I I k>l i=l ^ 



Theorem 3.9. We have 



-■F,X 



EE E 



|Aut£;| 

ra>0 C2 EeAf x{n,C2) 



12 



SERGEY MOZGOVOY 



Proof. For any vector bundle Eg of rank r and degree zero on P^, define 

A{Eo,n,C2) = {Ee AF,x{n,C2) \ E\x Eo} 
and the generating function 

. »/"/C2 

n>0 C2 EeA{Eo,n,C2) 

We extend (yS to the HaU algebra of by linearity. Note that if Eq — Opi and 
E G A{Eo, n, C2), then E ^ F and therefore n — Q, C2 — Q and 



|AutF| 



Given a pair (M, M') of vector bundles on P^, we say that a parabolic bundle 
E ^ N over iS,X) has type {M,M') if TV ~ M and ker(i;|x ^ A^) ~ M'. We 
have seen (see Lemma [3.11 and equation (|26p ) that elementary transformations of 
parabolic bundles induce a bijection between parabolic bundles of type (M, M') 
and parabolic bundles of type {M',M). Assume that M is negative. Let E N 
be a parabohc bundle of type (M, M') with E e vl^^xl^i, C2) and let E' A^' be 
its elementary transformation. Then 

Hom(i^, A^) 2± Hom(F|x, A^) ^ Hom(e>^i,M) = 

and therefore F C ker(£' ^ A^) = E'. The sheaf E' / F C E/F is negative, as a 
subsheaf of a negative sheaf. This implies that 

E' e Ap^xin ~ rkA'f,C2 + degA/). 

Summarizing, for any vector bundles M, M' on P^ with negative M, we have: 

^ ^ ^ \AutE\ 

Eo/U~M,U~M' 

— ^ ^ — ^ U^t^'^ 

^ ^ |Aut£;| ■ 

[Eo] UCEo EeA(Eo.n~ikM.C2+dcgM) ' ' 

Eo/U~M' ,U~M 

Using generating functions we can write 

^{M o M') = u'^'^'^r ° M), 

where o is the product in the Hall algebra of P^ . We will prove in Section [5] that 
the last condition implies 

Zf,x -I^V{E,) - II II Y^Tfe+I^ 

[Bo] fe>l *=1 



□ 
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4. Canonical filtration 

Let p : S ^ C he a ruled surface as in Section lOl For each rank 2 vector bundle 
over S, Brosius [4; constructed a canonical short exact sequence with that bundle 
in the middle, and used such sequences to classify rank 2 vector bundles over S. 
In this section we will construct canonical filtrations for arbitrary rank torsion free 
sheaves over S. 

Let E he a coherent sheaf over S. For any point x G C, we define the fiber 
Sx = p^^(x) and we call the restriction E^ = E\s^ the fiber of E along p at the 
point X. If is a torsion free sheaf over S then E'^^ is a locally free sheaf and 
E^^ / E has dimension zero. This implies that generic fibers of E and E'^^ along 
5 — C are isomorphic and ci{E) — ci(i?^^). A generic fiber Ex is a vector bundle 
isomorphic to Opi for some a £ (5 independent of x. 

Theorem 4.1. Let E he a torsion free sheaf over S . Then there exists a unique 
filtration 

= FoCFiC---CFn = E 
such that, for any I < i < n, the sheaf Fi/Fi^i is torsion free, its generic fiber is 
isomorphic to Opi{kiY^ for some ki G Z, r,; G Z>o, and 

ki > k2 > ■ ■ ■ > kn. 

The generic fiber of E is isomorphic to ®"^]^ Cpi (A;^)''* . If E is locally free then 
every sheaf Fi is locally free. 

Proof. Consider the Harder-Narasimhan filtration of E with respect to the slope 
/-stability. The assertion of the theorem follows from the uniqueness of the Harder- 
Narasimhan filtration and the fact that a rank r torsion free sheaf over S is slope 
/-semistable if and only if its generic fiber is of the form Opi{kY for some fc G Z. 
The last statement will be proved in Lemma 14.31 □ 

In view of the last theorem, the classification of torsion free sheaves over the ruled 
surface S is reduced to the classification of /-semistable sheaves and extensions 
between them. We will count /-semistable sheaves in the next sections. 

Lemma 4.2. Let E be a torsion free sheaf over S. Then p<,E is a locally free sheaf. 

Proof. Assume that p<,E has a torsion. Then there exists a nonzero morphism 
Q ^ p^E, where Q is a sheaf having dimension zero. This implies that there exists 
a nonzero morphism p*Q E. But p*Q has dimension at most one, while E is 
torsion free. □ 

Lemma 4.3. A torsion free sheaf E over S is slope f -semistable if and only if a 
generic fiber of E along 5* — > C is semistable. 

Proof. Assume that a generic fiber of E is semistable. Let E ^ F he a torsion free 
quotient. It induces a surjective morphism of fibers Ex — Fx for any x £ C. By 
the semistability of a generic fiber of E we obtain (for generic x) 

ci{E)-f ^ degEx ^ degFx ^ cijF) ■ f 
rkE rkEx ~ rkF^ rkF 

Therefore E is slope /-semistable. 

Let E he slope /-semistable and let the generic fiber of E along 5 — > C be 
isomorphic to O" for some a G (5. Assume that O" is not semistable, that is. 
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m — maxa > mine. Tcnsoring E with Os{—rnCo), we can assume that maxa = 0. 
Let k — ao. Then G = is a locaUy free sheaf of rank k and there is a natural 
nonzero morphism p*G ^ E. We have seen that p*G is /-semistable. Moreover 

ci{p*G)-f _ \\a\\ _ c,{E)-f 
rkG \a\ vkE ' 

This iniphes that there are no nonzero morphisms p*G E. □ 

4.1. Properties of /-semistable sheaves. If i? is a rank r slope /-semistable 
sheaf then its generic fiber is isomorphic to Opi{kY for some A: G Z. We have 
Ci{E) ■ / = kr. The sheaf E (g) Os{—kCo) is again /-semistable and its generic fiber 
is isomorphic to Opi . In this section we will study such sheaves. 

Lemma 4.4. Let E be a locally free sheaf and assume that the set U <Z C of points 
X G C such that E^ — Opi is open in C. Then the natural morphism p*p^E — ^ E 
is bijective overp~^{U) and is a monomorphism. 

Proof. Let F = p*p^E and let / : _F — >■ E' be the natural morphism. It induces an 
isomorphism p^F — >■ p^,E and a morphism of fibers F^ — E^ for any x £ C. By 
the Grauert theorem [TOl III. 12. 9], there are isomorhisms 

p.E®k{x)~H°{S^,E^), p*F®k(x) 

for any x G U. This implies that the maps 

H'^{Sx,Fx) H^{SxtEx) 

are bijective for x G U and therefore also the maps of fibers 

:i! O"^ ^ O'' ~ Ex 

are bijective for x € U . This implies that / is surjective over p^^{U). Therefore 
ker / is at most one-dimensional. But F is locally free, hence ker f ~ 0. □ 

Lemma 4.5. Let E be a locally free sheaf with a generic fiber isomorphic to C. 
Then E /p*p^E is a direct sum of negative sheaves over fibers of S C . 

Proof. Let F = p*prE. Then p^,F = p^fE and, by the projection formula, 

R^p^F = R^p^{Os®P*{p*E)) ^ R^p^{Os)®P*E = 0. 
An exact sequence 

F ^ E ^ Q ^0 

induces a long exact sequence 

^ p^F p^E p^Q R^p^F = 0. 

This implies that = and, by Lemma l4!6l Q is a direct sum of negative sheaves 
over fibers of 5 — > C. □ 

Lemma 4.6. Let F be a sheaf over S with a support contained in a fiber Sx- Then 
F is negative if and only if p<tF = 0. 

Proof. If F is negative, then it has a filtration with quotients being negative line 
bundles over Sx- This implies that p^,F — 0. Conversely, assume that = and 
F is not negative. By Proposition [33J there exists either a skyscraper G C F over 
Sx or a line bundle G C F over Sx with degG > 0. In both cases p*G ^ 0. This 
contradicts to p*G C p*F = 0. □ 
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Remark 4.7. Let E be a locally free sheaf over S and G be a locally free sheaf over 
C such that p*G (Z E and E/p*G is a direct sum of negative sheaves over fibers of 
S ^ C. Then a generic fiber of E is isomorphic to and G ~ p*E. We can use 
this to parametrize locally free sheaves E with a generic fiber isomorphic to C" and 
with p^E ~ G. Applying the duality functor 

D : D{S) D{S), F ^R}iQm{F,ujs[2]) 

to the exact sequence 

0^p*G E^Q ^0 

we obtain an exact sequence 

O^E"" (g>Lus^ (j}*Gy (g>ujs Q' = Ext\Q,ujs) ^ 0. 
The sheaf Q' is supported on the fibers of S ^ G and satisfies the conditions 

p,Q' = 'Ext\R^p,Q,ujc), i?V*Q' = 0. 
Indeed, note that DQ — Q'[\], i?p*-D — DRp^, and 

D{Rp,Q) =RRom{{R^p,Q)[-l],LJc[l]) =m.\R^P*Q,uJc)[l]- 

Thus, locally free sheaves E as above are parametrized by the quotients {p*G)'^ (E) 
'-^S ^ Q' (pure of dimension one, to ensure that the kernel is locally free) such that 
R^p-fQ' = 0. One can show, similarly to Lemma that Q' is a direct sum of 
positive sheaves along fibers ( that is, sheaves that are successive extensions of line 
bundles having positive degrees). 



5. Counting /-semistable sheaves 

Let p : S* — C be a ruled surface over a curve C of genus g. Given a nef divisor 
H and a class 7 = (r, ci, C2), let Mh{i) be the moduli stack of slope _ff-semistable 
torsion free sheaves having rank r and Chern classes (ci,C2). Let M°f{'^) C A^/(7) 
be the substack of locally free sheaves. Following Section 12.51 for any r > and 
ci e m{S), we define 

(29) Z^(r,ci;t)= ^ g^x(7,7)^(^^(^))i-ch.w^ 

C2ez 

7=(r,Ci,C2) 

(30) Z^(r,ci;t)= ^ ^l{MH{l)y^''\ 

C26Z 

7=(r,ci,C2) 

Similarly, we define the series Z'^{r,ci) and Z^{r,ci) for locally free sheaves. In 
this section we will compute the above series for the divisor H = f. We will 
study first the moduli stack of the form Ai°j:{r,nf, C2) for some n G Z. Note that 
C2 — rA(r, n/, C2) is nonnegative by the Bogomolov inequality [lH §3.4], whenever 
M°j:{r,nf,C2) is nonempty. 

Theorem 5.1. Let r > and n e Z. Then 

Z^r,nf) = ^M-M}(^,r^/,C2))t- = MBuuc,) J] J] 
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Proof. Let Ehe a rank r slope /-semistable locally free sheaf over S. Then G = p^E 
is a locally free sheaf over C, p*G C E, and the quotient E/p*G is a direct sum of 
negative sheaves along fibers. Let 

MUn, 02) C M){r, [n + deg G)f, c^) 

be the substack of sheaves E such that p^,E ~ G. Then ci{E/p*G) = n/ and 

C2{E/p*G) = C2. 

For any a; G X, there exists a unique locally free sheaf p*G C F C E such 
that suppi5/F C Sx and Fa; ~ Opi. The sheaf F/F is negative by Lemma [4.51 
Therefore E G Ap^s^in, C2) for some n,C2 > and we can apply Theorem 13.91 to 
count such sheaves. Varying the point a; £ C, we obtain 

:^j:^iMUn,C2)WH^^ ^ ^ Jl] ft IffSS^ 

where we used the plethystic power map from equation (jl3p and the formula 

-, \m(C) 

= Exp(t)^(^) = Exp(A*(C)t) = Zc{t). 



1 - < 

Summing up over all rank r vector bundles G over C, we obtain 

^ C2))u-t'^' - E • U'^^^^ 

",C2 [G] 



fe> 



1 f=i Zc{q''''~'ut^) 



EM(Bun.,.Knn|4^- 



Therefore, for any n G Ij, 



Y^^^{M){rM.C2)r^ = M(Buna.) [] 11 



k>ii=i ' 



□ 



Corollary 5.2. Let r > and ci G NS(S'). If r )( f ■ ci then Mf{r, €1,02) is empty 
for any C2 G Z. Otherwise, 



2f{r,ci) = At(Bunc,,.) J] 11 ^^(^rk-^,k^^ 



1 11 'z^Xfk^k 

fe>l 1=1 '^^^ 



r-1 



Z/(r,ci)-A^(Bunc,r)n R ^c(/'+'i'). 
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Proof. Let ci = mCo + nf for some m,n G Z. If Aif{r,ci,C2) is nonempty then, 
for any E £ A4 f{r,ci,C2), a general fiber Ex is isomorphic to Opi(fc)'" for some 
A: G Z. Therefore 

TO = ci ■ / = deg = kr 
and r | ci • / . The sheaf i? (g) Oi—kCo) is slope /-semistable and has the first Chcrn 
class nf and the discriminant A(i?). Therefore 

^°f{r,ci) = Zf{r,nf) 

and the first formula of the statement follows. To prove the second formula, we will 
apply Lemma [2771 Note that 



k>li=l fe>li=l 

where we used the fact that /i(S') = ^(C)/i(P^) = ^{C){q + 1) and therefore 

Zsit) - Exp{p{S)t) = Zc{t)Zc{qt). 
Therefore the generating function for torsion free sheaves is 

Z;(r, c-t)- HS) - MBunc,.) J] fif ^^^^) ' ^^(*) 

■r-1 

= M(Bunc,r)n n ^c(9'''+'i'). 

A;>1 i— — r 

□ 

Corollary 5.3. Lef r > anrf ci G NS(S'). If r )( f ■ ci then Mf{r,ci,C2) is empty 
for any C2 G Z. Otherwise, 



fc>ii=i '^^^ ^ 

2 r-1 



fe>l i=-r 

6. Some counts on 

Let H be the Hall algebra of the category of vector bundles on . For any r > 
let Hr.o C H he the vector space generated by the isomorphism classes of vector 
bundles having rank r and degree zero. 

Theorem 6.1. For any r > 0, there exists a unique 'Zi[q]-linear function ip : Hrfl ^ 
Z[(7]|u,t] such that Lp{Opi) = 1 and, for any vector bundles E,F on W'^ such that 
rki? + rk_F = r, degi? + deg-F = and all summands of E have negative degree, 
we have 

This function satisfies 

— 1 - q^^^'-ut^ 



(31) E ^(^)-nnT 



rk£;=r fc>l i=l ^ 
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Existence of the function follows from the proof of Theorem 13.91 Uniqueness 
is straightforward. The rest of this section is devoted to the proof of equation ([31]) . 
Before starting the proof in full generality let us consider the case r = 2. The 
following result is equivalent to the computation of Yoshioka [25], although the 
usage of Hall algebras is novel. 

Proposition 6.2. For r = 2, we have 

1 - q^'^~'^ut^ 



.1. 



rkB=r fe>l 
dcg£;=0 



Proof. For any n > 0, 

n-l 

pin)] O [0(-n)] = g2n+l[0(_„) + g2„-l(^2 _ 1) 

fc=0 

Let a„ = (^([^^(-n) 0{n)]) for n > 0. Then, for any n > 0, 

an = ue^{[0{n)] o [0{-n)]) = ( g^^+^a™ + (g^^+i - g^"-!) aA . 



k=0 



This implies 



1 - Ut"ff2n+ 



and 



fc=0 ^ y / y j.^Q 



Therefore 



1 - g2fe ly^fc 



„2fc+ly^fc 



□ 



6.1. Counting quotients on P^. Let £^ be a coherent sheaf on and let Quot(-E) 
be the Grothcndicck Quot-scheme of E. Given another coherent sheaf F on P^, 
let Quot(i?, F) be the subscheme of Quot(£') corresponding to the epimorphisms 
E ^ F. It is a natural problem to compute the motive of Quot(i?, F)^ as both E 
and F are discretely parametrized (apart from the torsion parts). In this section 
we will do this in the case when E' is a vector bundle and is a line bundle. So, 
we assume that E — O" for some a G &, and F — 0{n) for some n 6 Z. Denote 
by g{a, n) the motive of Quot(i?, F), that is, the number of epimorphisms E ^ F 
up to the action of Aut F. 

Proposition 6.3. For any a G 6 and n £ Z, we have 

g{a,n) = _l_g5:.<„("-fc+i)". (^i _ + i)^-E.<„ + gi+«.-2E.<„ . 

Proof. It is enough to prove the formula for g{a) = g{a,0). Let 

h°{a,n) = dimHom(C'",C'(n)) = ^(n - k + l)ak. 

k<n 
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Any nonzero morphism — > O can be uniquely written (up to the action of Gm) 
as a composition of a surjection O" — > 0{n) and an embedding 0{n) — > O for some 
n < 0. Therefore 

qh'^iafi) _ 1 ^ ^g(a,n)(9^°(°(")'°) - 1) 

n<0 

or, equivalently, 

g'."KO)_i^^^(^[„])(^n+l_i)_ 
n>0 

Applying this to a[l], we obtain 

qh'iamfi) - 1 = ^ g(a[n + l]){q"+' -l) = Yl 9{a[n]){q- - 1). 

n>0 n>0 

The last two formulas imply 

J2 9Hn]){q - 1) = g''"^"'"^ - +q-l. 

n>0 

Applying this to a[l], we obtain 

Y^gHn + mi - 1) = - + q-l. 

n>0 

Finally, subtracting the last formula from the previous one, we get 
We note that 

h\a[l],n)= (n-l-A; + l)afe = ^(n-fc + l)afc-^Q;fc, 

fc<n— 1 fe<n k<n 

h°{a[2],n)= ^ (n - 2 - A; + l)Q!fe = ^(n - fc + l)afe - 2 ^ afe + a„. 

k<n—2 k<n k<n 

□ 

Corollary 6.4. Assume that \a\ = r, \\a\\ = d, and n > max^. Then 

,ia,n)=q-r-^-^^''-'l^';;'-'\ 
Proof. By the previous proposition we have 
g{a,n) = -l_gEfe("-fc+i)«. _ + i)^-E. + ^i-2E. «<=^ 

□ 
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6.2. Skew derivations. Given a line bundle L over define the skew derivation 
(5l on the Hall algebra by 

In this section we will compute skew derivations of some elements in the Hall 
algebra. 

Proposition 6.5. For any ?■ > and d,n E Z, let 

Br,d,n — ^ [O"]. 

\a\—r,\\a\\—d 
miriQ >n 

Then 

A (R )^fB f _„-2. (g'--l)(g'-+^-l) 

0O(n){-t>r.d,n) — JrtJr+l.d+n,m Jr — Q Z ■ 

^ ' q — I 

Proof. It is enough to prove the statement for n = and Br,d — Br.dfi- Let 

®M = {" e © I = r, ||a|| = d,mina > 0}. 
Multiplication rules in the Hall algebra imply that, for any a G &rd^ 
[O"] o [O] = q^(^^^"^ [O] o [O"] + ^ [O^] 

for some coefficients cp (note that x(C', O") = d + r). Similarly, 

Br,d O [O] - [O] oBr,d= t^''] 

for some coefficients cp. For any (i e ©^+i the coefficient of in the product 
Br,do[0] equals the number of embeddings O C such that the quotient is locally 
free. This number is equal to g(/3*,0) introduced in Section [01 By Corollary 
we have 



7(/3*,0)=9 



9-1 
This implies 



g - 1 



□ 



6.3. Proof of the theorem. We assume that r > is fixed. 
Proposition 6.6. Given n > 0, let 

6° = {a e 6 I |a| = r, ||a|| = 0,minQ, > -n}. 

Then 

aeeo fc=l i=l 
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Proof. For any < fc < r — 1, define 

&l„ = {a e 6° I a_„ = fc} 

and 

We know that [C'(n)®'=] = p^[0(n)]'=. Define 

so that A„_fe = [0(-n)] o fe. If |a| = r - k, \\a\\ = nk then 

x{0{-n), O") = nk + n{r - k) + r - k ^ nr + r - k. 

Therefore 

9-"'-'^+'<,fc o [0(-n)] - o K^,] 

= 4r[C)(-n)®'^->B.-fe+i,fe„_„,_„ = 4rA.,fc-i. 
Applying the function ip, we obtain 

[K\q 

Let z = q'"'ut'' . Then 

/ -fc zq^~^{q^~^ — 1)(<7''~''+^ — 1) 

Therefore 

'■-1 f"^! ™ ..„k-r(„r-k ^\(nr-k+l -i \ 

ageo fc=o m=ofc=i ^ y Ay ; 

while (^(A„^o) = Saee" Our proposition will be proved by induction if 

we will show that 

^ zq^-''{q''-^ - - 1) _ {I - zq-^) . . . {I - zq^-") 

^0 M {l-zq--*^){q*^-l) ~ (1 - Z9) ... (1 - zq-^) 

or, equivalently, 

"L (l^g.-fc)(l,g.+ l-fc) _ (l-Zg-l)...(l- 

i'ofcil ^'^ ^ ■ 

Inverting g, we can write this equation in the form 

(g~''+^g)m(g~'';g)m . r^m _ - Zq) ■ . ■ {I - Zq""'^) 



- g)™ ' ^ ' (1 - zq-^) ... (1 - zgi--) ' 



m=0 



where {z;q)m — 11^=0^ (-'^ ~ zq'^). The last equation follows from the Heine-Gauss 
summation formula [Gj 1.5.1] 



a, b 
c 



c\ {c/a;q)oo{c/b;q) 

C 

q; - 



ah J (c;g)oo(c/a6;g)oo ' 
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where (z;q)oo = ni^o(-'^ ~ ^1^) ^^'^ g-hypergeometric series 20i is defined by 
1.2.14] 



291 



{a;q)m{b] q) 
(c; q)m{q;q)r 



□ 



Taking the hmit in the equation (1321) as n — )■ oo we obtain 

E ^(^")-nn i:C::;l - 

Q|=r,||Q||=0 fe>l 1=1 ^ 

This proves Theorem 16. II 

7. Wall-crossing and blow-up formulas 
7.1. Wall-crossing formula. Let S" be a surface and let F = Z x NS(S') x Z and 

(33) r+ = (Z>o X NS(5) X Z) U ({0} x (NS+(S')\0) x Z) U ({0} x {0} x Z>o), 

where NS^(5) C NS(X) is an effective monoid, generated by the classes of irre- 
ducible curves in S. For any elements 7 = (r, c, d), 7' — {r',c',d') in F, we define, 
following ([71), 

(34) (7, 7') = Ks{r'c - re). 

Let A5 be a suitable completion of Q(g5)[F^] (see e.g., [3, §3]) with a basis = 
v^'uH'^ for 7 = {r,c,d) € F+, and multiplication 

(35) x'^oa;''' ^gH-^^TOx-^+V. 

For any nef divisor H, integer r > 0, and element c £ NS(X), we defined 

(36) ZH{r,c)^ J2 9^^^^'''V(Xff(7))i"'''^^^^- 

•y—^r.c.d) 

Given another nef divisor H'^ we define H± = H ± eH' for < e ^ 1. Define 
MH(r,c) = ii^£. 

Proposition 7.1 (Wall-crossing formula). Assume that H ■ Ks < 0. Then 

k 

{r,c)—^{ri,Ci) i=l 
/Jff (r,c)=/ijf (ri,Ci) 
Mff' (ri,ci)>--->ti.H' {rk,Ck) 

If H- is nef then also 

k 

{r,c)—'^{ri,Ci) i=l 
tiH(r,c)=HH(ri,Ci) 
/'ff ' ('"1 > ci )<■■■< Mff' ('•fc, Cfc ) 

Proof. There exists a canonical map / (called integration map) from the (opposite) 
Hall algebra of the category of coherent sheaves over 5 to the quantum affine 
plane A5 (see e.g., [21)). This map does not preserve products in general, but if 
Ext2(£;,F) = 0, then /([F] o [E]) = I{[F]) o I{[E]). For any i?-semistable sheaf, 
we consider its Harder- Narasimhan filtration with respect to In this way 
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we obtain a relation in the Hall algebra between iZ-semistable sheaves and 
semistable sheaves. By Lemma [2.31 the second extension groups between factors of 
Harder-Narasimhan filtrations are zero. Therefore the integration map transforms 
the above relation in the Hall algebra into a relation in the quantum affine plane 
Ag. This gives the first formula of the proposition. The proof of the second formula 
is the same. □ 

Remark 7.2. Assume that S = E„ is a Hirzebruch surface. Then Ks = — 2Co — 
(2 + n)f and for any nef divisor H we have H ■ Ks < 0. This means that the 
wall- crossing formula is always satisfied. A similar wall-crossing formula for the 
Hirzebruch surfaces can be found in |16j . 

7.2. Blow-up formula. Let S" be a smooth projective surface, ir : S S he the 
blow-up at a point and Cq be the exceptional divisor of tt. As in Section 12.51 let 
M be a set of isomorphism classes of locally free sheaves on S having rank r and 
the first Chern class ci. For any m G Z, define 

(1) M' to be the set of isomorphism classes of torsion free sheaves E over S 
such that £'v^ e M. 

(2) M to be the set of isomorphism classes of locally free sheaves E over S such 
that TT^^E e M' and ci{E) = 7r*ci - mCo (that is, ci{E) ■ Co = m). 

(3) M' to be the set of isomorphism classes of torsion free sheaves E over S 
such that 7r,£' G M' and ci{E) = 7r*ci - mCo (equivalently, if -B^^ G M). 

The following result was proved by Yoshioka [26l Prop. 3.4] (see also [9, §3]). 

Proposition 7.3. We have 



fe>l ^ ^ ' ax=0 



Corollary 7.4. We have 

where p = \ '^i^^ji&i — G o.nd (a, b) = ^i^i 1°''" o,, 6 G K.". 

Proof Let J2l=i a, ^ and a, e Z + f. Define a[^ai-f. Then J2'i=i a- = 
and 



(a', a) — (a, a) + 



We have 



-(a, a) - ^a^aj + {p,a) = -(a, a) + (p,a). 



2/2 ' ' 2 

i<j ^ ' i<j i<j 
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If c']^ = 7r*ci — mCo then 
Applying equation (I20p . we obtain 



^ ^ t 2rZM'{q t) k>l ^ ' Y.<^^=0 



(1 -t*^) 

fc>i ^ ' x;a-=-"i 

□ 

Corollary 7.5. We have 

^^^^ ^ fc>i i=i 521=1";=-™ 
Proof. According to Lemma [2771 we have Zj^, (t) Z:^{t)Hg ^{q^^t), where 

k>l 1=1 

and Z]v['(0 — Zyi{t)HsAq^'''t), where 



k>l i=l 

Note that fi{S) = ^J.{S) + q. Therefore 
This implies 

fc>l \^ ' 1=1 / Y,a.i=-ni 

fc>l i=l X;ai = -m 

□ 

Remark 7.6. A generalization of the above result (for m — 0) to principal bundles 
with respect to arbitrary reductive groups was proved by Kapranov jl3l Theorem 
7.4.6]. Note, however, that his formula is slightly different from the above result. 

Let _ff be a nef divisor on S. Then H = n* H is a nef divisor on S and we can 
consider slope 7J-semistable sheaves on S. 
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Corollary 7.7. For any r > 0, a G NS(5), and m ^ 'Z, we have 



Z^'Hjr, 7r*Ci +mCo) ^ -pj- 1 (p.a)Ma.a) 



Z°,fj{r,Tr*Ci + toCq) _ TT TT 1 - g V- rp,a),i(a,a) 

^°(r,ci) iiii i-tfc 

Remark 7.8. The blow-up tt : Ei ^ o/P^ one point is a Hirzebruch surface. 
Note that Si = P(C'pi(l) ® Opi) is a ruled surface over ¥'^. Let Co, / be divisors 
on Si introduced in Section \2.1[ One can show that, for a line divisor H on P^, 
TT* H = Co + f = Hifi (see In order to determine ZH(r,ci) using the previous 

corollary we have to compute Zh^ „ '!^*ci + mCo) for some m G Z. We know how 
to compute these invariants with respect to the nef divisor f = Hq i (see Theorem 
Using this result together with the wall-crossing formula and the computation 
of Zagier [27] . one can compute invariants for the divisor H^ i for < e <C 1 
(see [161 5.16]^, or equivalently, for the divisor Hi ^ for c ^ 0, which we denote 
by iJi^+oo- Finally, we have to move from i?i_+oo to Hi q = Cq + f using the 
wall-crossing formula. This was done by Manschot [171 [TBj in the case of rank 3 
sheaves. 
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